We study abelian dominance for confinement in terms of the local gluon properties in the maximally abelian (MA) gauge in a semi-analytical manner with the help of the lattice QCD. The global Weyl symmetry persistently remains as the relic of SU(N c ) in the MA gauge, and provides the ambiguity on the electric and magnetic charges. We derive the criterion on the SU(N c )-gauge invariance in terms of the residual symmetry in the abelian gauge. In the lattice QCD, we find microscopic abelian dominance on the link variable for the whole region of β in the MA gauge. The off-diagonal angle variable, which is not constrained by the MA-gauge fixing condition, tends to be random besides the residual gauge degrees of freedom. Within the randomvariable approximation for the off-diagonal angle variable, we prove that off-diagonal gluon contribution to the Wilson loop obeys the perimeter law in the MA gauge, and show exact abelian dominance for the string tension, although small deviation is brought by the finite size effect of the Wilson loop in the actual lattice QCD simulation. *
I. INTRODUCTION
1. This picture is based on the abelian gauge theory subject to the Maxwell-type equations, where electro-magnetic duality is manifest, while QCD is a nonabelian gauge theory.
2. The dual-superconductor scenario requires condensation of (color-)magnetic monopoles as the key concept, while QCD does not have such a monopole as the elementary degrees of freedom.
As the connection between QCD and the dual superconductor scenario, 't Hooft proposed the concept of the abelian gauge fixing [22] , the partial gauge fixing which only remains abelian gauge degrees of freedom in QCD. By definition, the abelian gauge fixing reduces QCD into an abelian gauge theory, where the off-diagonal element of the gluon field behaves as a charged matter field and provides a color-electric current in terms of the residual abelian gauge symmetry. As a remarkable fact in the abelian gauge, color-magnetic monopoles appear as topological objects corresponding to the nontrivial homotopy group Π 2 (SU(N c )/U(1)
. Thus, by the abelian gauge fixing, QCD is reduced into an abelian gauge theory including both the electric current j µ and the magnetic current k µ , which is expected to provide the theoretical basis of the monopole-condensation scheme for the confinement mechanism.
As for the irrelevance of the off-diagonal gluon gluons, Ezawa and Iwazaki assumed abelian dominance that the only abelian gauge fields with monopoles would be essential for the description of nonperturbative phenomena in the low-energy region of QCD, and showed a possibility of monopole condensation in the infrared scale by investigating "energy-entropy balance" on the monopole current [23] [24] [25] [26] in a similar way to the Kosterliz-Thouless transition in the 1+2 dimensional superconductivity [27] . Ezawa and Iwazaki formulated the dual London theory as an infrared effective theory of QCD, and later it is reformulated as the dual Ginzburg-Landau theory [28] [29] [30] [31] [32] [33] [34] .
Furthermore, abelian dominance [35] [36] [37] [38] [39] and monopole condensation [40] [41] [42] have been investigated using the lattice QCD simulation in the maximally abelian (MA) gauge [40] [41] [42] [43] . The MA gauge is the abelian gauge where the diagonal component of the gluon is maximized by the gauge transformation. In the MA gauge, physical information of the gauge configuration is concentrated into the diagonal component as much as possible. The lattice QCD studies indicate abelian dominance that the string tension [35] [36] [37] and the chiral condensate [38, 39] are almost described only by abelian variables in the MA gauge. Moreover, monopole dominance is also observed in the lattice QCD simulation in the MA gauge: only the monopole part in the abelian variable contributes to the nonperturbative QCD [37, 38] . Thus, the lattice QCD phenomenology suggests the dominant role of abelian variables including monopoles for the nonperturbative QCD in the MA gauge [44, 45] .
In this paper, we aim to understand the origin of abelian dominance for confinement in terms of the local gluon properties in the MA gauge, and study the relation between macroscopic abelian dominance and microscopic abelian dominance in a semi-analytical manner with the help of the lattice QCD simulation. In Section 2, we study the residual symmetry and the gauge invariance condition for operators in the 't Hooft abelian gauge, paying the attention to the global Weyl symmetry. In Section 3, we investigate the MA gauge both in the lattice and in the continuum theories in terms of the gauge connection.
In Section 4, we introduce the abelian projection rate as the overlapping factor between SU(2) and abelian link variables, and study microscopic abelian dominance in the MA gauge in the lattice formalism. In Section 5, we study the contribution of off-diagonal gluons to the Wilson loop in the MA gauge, and prove abelian dominance for the string tension in a semi-analytical manner. Section 6 is devoted to summary and concluding remarks.
II. RESIDUAL SYMMETRY AND GAUGE INVARIANCE CONDITION IN THE ABELIAN GAUGE
The dual superconductor picture for confinement phenomena is based on the abelian gauge theory including monopoles, and the 't Hooft abelian gauge fixing [22] is the key concept for the connection from QCD to such an abelian gauge theory. In this section, we investigate the abelian gauge fixing in QCD in terms of the residual gauge symmetry.
The abelian gauge fixing, the partial gauge fixing which remains the abelian gauge symmetry, is realized by the diagonalization of a suitable SU(N c )-gauge dependent variable as Φ[A µ (x)] ∈ su(N c ) by the SU(N c ) gauge transformation. In the abelian gauge, Φ[A µ (x)] plays the similar role of the Higgs field, and can be regarded as the composite Higgs field.
For an hermite operator Φ[A µ (x)] which obeys the adjoint transformation, Φ(x) is transformed as
using a suitable gauge function Ω(x) = exp{iξ a (x)T a } ∈ SU(N c ). Here, each diagonal
is to be real for the hermite operator Φ[A µ (x)]. In the abelian gauge, the SU(N c ) gauge symmetry is reduced into the U(1) Nc−1 gauge symmetry corresponding to the gauge-fixing ambiguity. The operator Φ(x) is diagonalized to H · Φ diag (x) also by the gauge function
and therefore U(1) Nc−1 abelian gauge symmetry remains in the abelian gauge.
In the abelian gauge, there also remains the global Weyl symmetry as a "relic" of the nonabelian theory [46, 47] . Here, the Weyl symmetry corresponds to the subgroup of SU(N c ) relating to the permutation of the basis in the fundamental representation. Then, the Weyl group is expressed as the permutation group P Nc including Nc C 2 elements. For simplicity, let us consider the N c = 2 case. For SU(2) QCD, the Weyl symmetry corresponds to the interchange of the SU(2)-quark color, |+ ≡ ( sin α}π = i{τ 1 cos α + τ 2 sin α}
with an arbitrary constant α ∈ R. By the global Weyl transformation W , the SU(2)-quark color is interchanged as W |+ = ie iα |− and W |− = ie −iα |+ except for the global phase factor. This global Weyl symmetry remains in the abelian gauge, because the operator Φ(x) is also diagonalized by using
Here, the sign of Φ diag (x), or the order of the diagonal component λ i (x), is globally changed by the Weyl transformation. It is noted that the sign of the U(1) 3 gauge field
is globally changed under the Weyl transformation,
Therefore, all the sign of the abelian field strength, electric and magnetic charges are also globally changed:
In the abelian gauge, the absolute signs of the electric and the magnetic charges are settled, only when the Weyl symmetry is fixed by the additional condition. When Φ[A µ (x)] obeys the adjoint-type gauge transformation like the nonabelian Higgs field, the global Weyl symmetry can be easily fixed by imposing the additional gauge-fixing condition as Φ diag (x) ≥ 0 for SU (2) , or the ordering condition of the diagonal components
Nc for the SU(N c ) case. As for the appearance of monopoles in the abelian gauge, the global Weyl symmetry P Nc is not relevant, because the nontriviality of the homotopy group is not affected by the global Weyl symmetry. However, the definition of the magnetic monopole charge, which is expressed by the nontrivial dual root of SU(N c ) dual [23] , is globally changed by the Weyl transformation. Now, we consider the abelian gauge fixing in terms of the coset space of the fixed gauge symmetry. The abelian gauge fixing is a sort of the partial gauge fixing which reduces the gauge group G ≡SU(N c ) local of the system into its subgroup H ≡U(1)
including the maximally torus subgroup of G. In other words, the abelian gauge fixing freezes the gauge symmetry relating to the coset space G/H, and hence the representative gauge function Ω which brings the abelian gauge belongs the coset space G/H: Ω ∈ G/H. In fact, Ω ∈ G/H is uniquely determined without the ambiguity on the residual symmetry H, if the additional condition on H is imposed for Ω.
However, such a partial gauge fixing makes the total gauge invariance unclear. Here, let us consider the SU(N c ) gauge-invariance condition on the operator defined in the abelian gauge [46] . To begin with, we investigate the gauge-transformation property of the gauge function Ω ∈ G/H which brings the abelian gauge (See. Fig.1 ). For simplicity, the operator Φ to be diagonalized is assumed to obey the adjoint gauge transformation
After the gauge transformation by
and hence the gauge function Ω g ∈ G/H which realizes the abelian gauge is transformed as
under arbitrary SU(N c ) gauge transformation by g ∈ G. Here, h[g] ∈ H is chosen so as to make Ω g belong G/H, i.e., Ω g ∈ G/H. (If the additional condition on H is imposed to specify Ω ∈ G/H, Ωg † does not satisfy it in general.) This is similar to the argument on the hidden local symmetry [12] in the nonlinear representation. In general, the gauge function Ω ∈ G/H is transformed nonlinearly by the gauge function g due to h[g] ∈ H. Thus, the gauge-transformation property on the gauge function Ω ∈ G/H becomes nontrivial in the partial gauge fixing. Owing to the nontrivial transformation (7) of Ω ∈G/H, any operator O Ω defined in the abelian gauge is found to be transformed as
We demonstrate this for the gluon field A
in the abelian gauge. By the gauge transformation of
Here, we have used
for the successive gauge transformation by g 1 , g 2 ∈ SU(N c ). Similarly, the operator O Ω defined in the abelian gauge is transformed by
as shown in Fig.1 . Here, O is assumed to obey the adjoint transformation as O g = gOg † for simplicity. Thus, arbitrary SU(N c ) gauge transformation by g ∈ G is mapped into the partial gauge transformation by h[g] ∈ H for the operator O Ω defined in the abelian gauge, and
, and hence
Thus, we find a useful criterion on the SU(N c ) gauge invariance of the operator defined in the abelian gauge [46] : If the operator O Ω defined in the abelian gauge is H-invariant, O Ω is also invariant under the whole gauge transformation of G.
Here, let us consider the application of this criterion to the effective theory of QCD in the abelian gauge, the dual Ginzburg-Landau (DGL) theory [28, 29] . In the DGL theory, the local U (1) Nc−1 and the global Weyl symmetries remain, and the dual gauge field B µ and the monopole field χ α [α=1, · · ·, [32] , which is also U(1) Nc−1 -invariant. Therefore, the monopole fluctuationχ is completely residual-gauge invariant in the abelian gauge, so thatχ is SU(N c )-gauge invariant and is expected to appear as a scalar glueball with J P C = 0 ++ , like the Higgs particle in the standard model.
III. MAXIMALLY ABELIAN (MA) GAUGE IN THE CONNECTION FORMALISM
The abelian gauge has some arbitrariness corresponding to the choice of the operator Φ to be diagonalized. As the typical abelian gauge, the maximally abelian (MA) gauge, the Polyakov gauge and the F12 gauge have been tested on the dual superconductor scenario for the nonperturbative QCD. Recent lattice QCD studies show that infrared phenomena such as confinement properties and chiral symmetry breaking are almost reproduced in the MA gauge [35] [36] [37] [38] [39] [40] [41] . In the SU(2) lattice formalism, the MA gauge is defined so as to maximize
by the SU(2) gauge transformation. Here, the link variable
, where e denotes the QCD gauge coupling and a the lattice spacing. In the MA gauge, the absolute value of off-diagonal components, U 1 µ (s) and U 2 µ (s), are forced to be small. In the continuum limit a → 0, the link variable reads
, and hence the MA gauge is found to minimize the functional,
with
Thus, in the MA gauge, the off-diagonal gluon component is globally forced to be small by the gauge transformation, and hence the QCD system is expected to be describable only by its diagonal part approximately.
The MA gauge is a sort of the abelian gauge which diagonalizes the hermite operator
Here, we use the convenient notation U −µ (s) ≡ U † µ (s −μ) in this paper. In the continuum limit, the condition of the MA gauge becomes
This condition can be regarded as the maximal decoupling condition between the abelian gauge sector and the charged gluon sector.
In the MA gauge, Φ(s) is diagonalized as Φ MA (s) = Φ diag (s)τ 3 with Φ diag (s) ∈ R, and there remain the local U(1) 3 symmetry and the global Weyl symmetry [46] . As a remarkable fact, Φ(s) does not obey the adjoint transformation in the MA gauge, and the sign of Φ diag (s) is not changed by the Weyl transformation by W in Eq. (3),
Thus, the Weyl symmetry is not fixed in the MA gauge by the simple ordering condition as Φ diag ≥ 0, unlike the adjoint case. We find the gauge invariance condition on the In the continuum SU(N c ) QCD, it is more fundamental and convenient to define the MA gauge fixing by way of the SU(N c )-covariant derivative operatorD µ ≡∂ µ + ieA µ , where∂ µ is the derivative operator satisfying [∂ µ , f (x)] = ∂ µ f (x). The MA gauge is defined so as to make SU(N c )-
which expresses the total amount of the off-diagonal gluon component. Here, we have used
) is the Cartan subalgebra, and 
and hence the residual symmetry corresponding to the invariance of R ch is found to be U(1)
global denotes the global Weyl group relating to the permutation of the N c basis in the fundamental representation. In fact, one finds
local , and the global Weyl transformation by W ∈ P Nc global only exchanges the permutation of the nontrivial root α j and never changes R ch . In the MA gauge, arbitrary gauge transformation by
∀ Ω ∈ G is to increase R ch as R Ω ch ≥ R ch . Considering arbitrary infinitesimal gauge transformation Ω = e iε ≃ 1+iε with ∀ ε ∈su(N c ),
In the MA gauge, the extremum condition of R
which leads to µ (i∂ µ ± eA 3 µ )A ± µ = 0 for the N c =2 case. Thus, the operator Φ to be diagonalized in the MA gauge is found to be
in the continuum theory.
IV. MICROSCOPIC ABELIAN DOMINANCE IN THE MA GAUGE
In the abelian gauge, the diagonal and the off-diagonal gluons play different roles in terms of the residual abelian gauge symmetry: the diagonal gluon behaves as the abelian gauge field, while off-diagonal gluons behave as charged matter fields [40] . Under the U(1) 3 gauge transformation by ω = exp(−iϕ
The abelian projection is simply defined as the replacement of the gluon field
∈ u(1) 3 ⊂ su(2). We call "abelian dominance for an operatorÔ[A µ ]", when the expectation value Ô is almost unchanged by the abelian projection
when
A.G. denotes the expectation value in the abelian gauge. Ordinary abelian dominance is observed for the long-distance physics in the MA gauge, and this would be physically interpreted as the effective-mass generation of the off-diagonal gluon induced by the MA gauge fixing [48, 49] .
In the lattice formalism, the SU(2) link-variable U µ (s) can be factorized as
with respect to the Cartan decomposition of
and H =U(1) 3 . Here, the abelian link variable,
plays the similar role as the SU(2)-link variable U µ (s) ∈ SU(2) in terms of the residual U(1) 3 gauge symmetry in the abelian gauge, and θ
] and χ µ (s) ∈ (−π, π]. Near the continuum limit, the off-diagonal elements of M µ (s) correspond to the off-diagonal gluon components. Under the residual U(1)
µ (s) and c µ (s) ∈ C are transformed as
Thus, on the residual U(1) 3 gauge symmetry, u µ (s) behaves as the U(1) 3 lattice gauge field, and θ 3 µ (s) behaves as the U(1) 3 gauge field in the continuum limit. On the other hand, M µ (s) and c µ (s) behave as the charged matter field in terms of the residual U(1) 3 gauge symmetry, which is similar to the charged weak boson W ± µ in the standard model. In this parameterization (22) , there are two U(1)-structures embedded in SU(2) corresponding to e iθ 3 µ and e iχµ . To clarify this structure, we reparametrize the SU(2) link variable as
or equivalently
withχ µ ≡ χ µ + θ 
In the lattice formalism, the abelian projection is defined by replacing the SU(2) link variable U µ (s) ∈ SU(2) by the abelian link variable u µ (s) ∈ U(1) 3 .
In the MA gauge, the off-diagonal gluon component is strongly suppressed, and the SU(2) link variable is expected to be U(1)
where MA denotes the expectation value in the MA gauge. In order to estimate the difference between U µ (s) and u µ (s), we introduce the "abelian projection rate" R Abel [50, 51] , which is defined as the overlapping factor as
This definition of R Abel is inspired by the ordinary "distance" between two matrices
, which leads to
The similarity between U µ (s) and u µ (s)
can be quantitatively measured in terms of the "distance" between them. For instance, if cos θ µ (s) = 1, the SU(2) link variable becomes completely abelian as We show in Fig.2 (a) the probability distribution P (R Abel ) of the abelian projection rate R Abel (s, µ) ≡ cos θ µ (s) in the MA gauge. Here, R Abel β=0 in the strong coupling limit (β = 0) [50, 51] is analytically calculable as
using Eq.(31). In the MA gauge, R Abel approaches to unity as shown in Fig.2(a) . The off-diagonal component of the SU(2) link variable is forced to be reduced. As a typical example, one obtains R Abel MA ≃ 0.926 on 16 4 lattice with β = 2.4. We show also the abelian projection rate R Abel MA as the function of β in Fig.2(b) . For larger β, cos θ µ (s) MA becomes slightly larger. Without gauge fixing, the average R Abel is found to be about 2 3 without dependence on β. In the continuum limit in the MA gauge, U 1 µ (s) and U 2 µ (s) become at most O(a), and therefore R Abel MA approaches to unity as R Abel MA = 1 + O(a 2 ) due to the trivial dominance of U 0 µ (s), which differs from abelian dominance in the physical sense. The remarkable feature of the MA gauge is the high abelian projection rate as R Abel MA ≃ 1 in the whole region of β. In fact, we find R Abel MA ≃ 0.88 even for the strong coupling limit β = 0, where the original link variable U µ is completely random. Thus, abelian dominance for the link variable U µ is observed at any scale in the MA gauge.
To understand the origin of the high abelian projection rate as R Abel MA ≃ 1, we estimate the lower bound of R Abel MA in the MA gauge using the statistical consideration. The MA gauge maximizes
1, 2, 3, 4) as φ µ = (sin 2θ µ cos χ µ , sin 2θ µ sin χ µ , cos 2θ µ ) using Eqs. (22) and (24) . The MA gauge maximizes the third componentφ 3 µ using the gauge transformation. Under the local gauge transformation by V (s) ≡ 1 + {V (s 0 ) − 1}δ ss 0 ∈ SU(2),φ µ (s 0 ) is transformed as the unitary transformation,
which leads to a simple rotation of the unit vectors φ µ . In the MA gauge, s,µ φ µ is "polarized" along the positive third direction. On the 4-dimension lattice with N sites, 4N unit vectors φ µ (s) are maximally polarized by N gauge functions V (s) in the MA gauge. Then, R Abel MA is expressed as the maximal "polarization rate" of 4N unit vectors φ µ by suitable N gauge functions V (s). On the average, this estimation of R Abel MA is approximately given by the estimation of the maximal polarization rate of 4 unit vectors φ µ by a suitable rotation with V ∈ SU(2). The lower bound of R Abel MA is obtained from the strong-coupling system with β = 0, where link variables U µ (s) are completely random. Accordingly, φ µ can be regarded as random unit vectors on S 2 . The maximal "polarization" of 4 unit vectors φ µ is realized by the rotation which moves φ ≡ 
Using this estimation (36), we obtain R Abel MA ≃ 0.844, which is close to the lattice result R Abel ≃ 0.88 in the strong coupling limit (β = 0). Such a high abelian rate R Abel MA in the MA gauge would provide a microscopic basis of abelian dominance for the infrared physics.
V. SEMI-ANALYTICAL PROOF OF ABELIAN DOMINANCE FOR CONFINEMENT FORCE
Abelian dominance and monopole dominance for the nonperturbative phenomena are numerically observed in the MA gauge in the lattice QCD simulations [35, 39, [44] [45] [46] [47] [48] [49] . As for confinement, monopole dominance, which means the dominant role of the magnetic current k µ than that of the electric current j µ , seems trivial if abelian dominance holds, because j µ does not provide the electric confinement in 1+3 dimension. Then, as for confinement, abelian dominance, which means the dominant role of the diagonal element than that of the off-diagonal element, is the nontrivial interesting phenomenon observed in the MA gauge in the lattice QCD. In this section, we study the origin of abelian dominance on the string tension as the confinement force in a semi-analytical manner, considering the relation with microscopic abelian dominance on the link variable [51] .
In the MA gauge, the diagonal element cos θ µ (s) in M µ (s) is maximized by the gauge transformation as large as possible. For instance, the abelian projection rate is almost unity as R Abel = cos θ µ (s) MA ≃ 0.93 at β = 2.4. Then, the off-diagonal element e iχµ(s) sin θ µ (s) is forced to take a small value in the MA gauge due to the factor sin θ µ (s), and therefore the approximate treatment on the off-diagonal element would be allowed in the MA gauge. Moreover, the angle variable χ µ (s) is not constrained by the MA gaugefixing condition at all, and tends to take a random value besides the residual U(1) 3 gauge degrees of freedom. Hence, χ µ (s) can be regarded as a random angle variable on the treatment of M µ (s) in the MA gauge in a good approximation.
Let us consider the Wilson loop
vanishes as 
Then, for the I × J rectangular C, the Wilson loop W C [U µ (s)] in the MA gauge is approximated as
where L ≡ 2(I +J) denotes the perimeter length and
Wilson loop. Here, we have replaced
in a statistical sense, and such a statistical treatment becomes more accurate for larger I, J and becomes exact for infinite I, J.
In this way, we derive a simple estimation as
for the contribution of the off-diagonal gluon element to the Wilson loop. From this analysis, the contribution of off-diagonal gluons to the Wilson loop is expected to obey the perimeter law in the MA gauge for large loops, where the statistical treatment would be accurate. Now, we study the behavior of the off-diagonal contribution
MA in the MA gauge using the lattice QCD, considering the theoretical estimation Eq. (40) . As shown in Fig.3 , we find that W off C seems to obey the perimeter law for the Wilson loop with I, J ≥ 2 in the MA gauge in the lattice QCD simulation with β = 2.4 and 16 4 . We find also that the behavior on W off C as the function of L is well reproduced by the above analytical estimation with the microscopic information on the diagonal factor cos θ µ (s) as ln{cos θ µ (s)} MA ≃ −0.082 for β = 2.4. Thus, the off-diagonal contribution W 
Thus, abelian dominance for the string tension, σ SU(2) = σ Abel , can be proved in the MA gauge by replacing the off-diagonal angle variable χ µ (s) as a random variable. The analytical relation in Eq. (40) indicates also that the finite size effect on R and T in the Wilson loop leads to the deviation between the SU(2) string tension σ SU(2) and the abelian string tension σ Abel as σ SU(2) > σ Abel in the actual lattice QCD simulations. Here, we consider this deviation ∆σ ≡ σ SU(2) − σ Abel in some detail. Similar to the SU(2) inter-quark potential V SU(2) (r) from W SU(2) ≡ W [U µ (s)] , we define the abelian interquark potential V Abel (r) and the off-diagonal contribution V off (r) of the potential from
wehre r ≡ Ra denotes the inter-quark distance in the physical unit. We show in Fig.4 V SU(2) (r), V Abel (r) and V off (r) extracted from the Wilson loop with T = 7 in the lattice QCD simulation with β = 2.4 and 16 4 . As shown in Fig.4 , the lattice result for V off (r) seems to be reproduced by the theoretical estimation obtained from Eq. (40),
using the microscopic information of ln(cos θ µ (s)) MA = −0.082 at β = 2.4. From the slope of V off (r) in Eq. (43), we can estimate ∆σ ≡ σ SU(2) − σ Abel in the physical unit as
In the MA gauge, sin 2 θ µ (s) takes a small value and can be treated in a perturbation manner so that one finds
Near the continuum limit a ≃ 0, we find U
, and then we derive the relation between ∆σ and the off-diagonal gluon in the MA gauge as
where t ≡ T a is the temporal length of the Wilson loop in the physical unit. In Eq. (46), (eA
MA is the off-diagonal gluon-field fluctuation, and is strongly suppressed in the MA gauge by its definition. It would be interesting to note that microscopic abelian dominance or the suppression of off-diagonal gluons in the MA gauge is directly connected to reduction of the deviation ∆σ in Eq. (46) . Since (eA
MA is a local continuum quantity, it is to be independent on both a and t. Hence, the deviation ∆σ between the SU(2) string tension σ SU(2) and the abelian string tension σ Abel can be removed by taking the large Wilson loop as t → ∞ or the small mesh as a → 0 with fixed t.
Finally in this section, we study the origin of abelian dominance in the MA gauge in terms of the properties of the off-diagonal element
of M µ (s) in the link variable U µ (s), considering the validity of the random-variable approximation for χ µ (s) in the MA gauge. In the above treatment, the contribution of the off-diagonal element in the link variable U µ (s) is completely dropped off, and its effect indirectly remains as the appearance of the c-number factor cos θ µ (s) in the link variable. Such a reduction of the contribution of the off-diagonal elements is brought by the two relevant features on the two local variables, θ µ (s) and χ µ (s), in the MA gauge. One is the microscopic abelian dominance as cos θ µ (s) MA ≃ 1 in the MA gauge, and the other is the randomness of the off-diagonal variable χ µ (s).
1. In the MA gauge, the microscopic abelian dominance holds as cos θ µ (s) MA ≃ 1, and the absolute value of the off-diagonal element |c µ (s)| = | sin θ µ (s)| is strongly reduced. Such a tendency becomes more significant as β increases.
2. The off-diagonal angle variable χ µ (s) is not constrained by the MA gauge-fixing condition at all, and tends to be a random variable. In fact, χ µ (s) is affected only by the action factor e −βS QCD in the QCD generating functional, but the effect of the action to χ µ (s) is quite weaken due to the small factor sin θ µ (s) in the MA gauge. The randomness of χ µ (s) tends to vanish the contribution of the off-diagonal elements.
Here, the randomness of the off-diagonal angle-variable χ µ (s) is closely related to the microscopic abelian dominance. In fact, the randomness of χ µ (s) is controlled only by the action factor e −βS QCD in the QCD generating functional, however the effect of the action to χ µ (s) is quite weaken due to the small factor sin θ µ (s) in the MA gauge, because χ µ (s) always accompanies sin θ µ (s) in the link variable U µ (s). Near the strong-coupling limit β ≃ 0, the action factor e −βS QCD brings almost no constraint on χ µ (s) in the MA gauge. The independence of χ µ (s) from the action factor is enhanced by the small factor sin θ µ (s) accompanying χ µ (s). Hence, χ µ (s) behaves as a random angle-variable almost exactly, and the contribution of the off-diagonal element is expected to disappear in the strong-coupling region. As β increases, the action factor e −βS QCD becomes relevant and will reduce the randomness of χ µ (s) to some extent. Near the continuum limit β → ∞, however, the factor sin θ µ (s) tends to approach 0 in the MA gauge as shown in Fig.2(b) , and hence such a constraint on χ µ (s) from the action is largely reduced, and the strong randomness of χ µ (s) is expected to hold there. Moreover, the reduction of the absolute value |c µ (s)| = | sin θ µ (s)| itself further reduces the contribution of the off-diagonal element |c µ (s)| in the MA gauge. Now, we examine the randomness of χ µ (s) using the lattice QCD simulation. It should be noted that the residual U(1) 3 gauge degrees of freedom should be fixed to extract χ µ (s) itself, because χ µ (s) is the U(1) 3 gauge variant. To this end, we add the U(1) 3 lattice Landau gauge [48] , which maximizes
Re tr u µ (s) (48) using the residual U(1) 3 gauge transformation in the MA gauge. In the U(1) 3 Landau gauge, there remains no local symmetry and the lattice variable becomes mostly continuous and approaches to the continuum field under the constraint of the MA gauge fixing. For the test of the randomness of χ µ (s), we calculate the probability distributions of χ µ (s) and the correlation between χ µ (s) and χ µ (s +ν) in the MA gauge with the U(1) 3 -Landau gauge. If χ µ (s) is a random angle variable, there is no bias on the distribution of χ µ (s) and no correlation is observed between χ µ (s) and χ µ (s +ν). We show in Fig.5 (a) the probability distributions P (χ µ ) and P (θ 3 µ ) at β = 2.4. Unlike P (θ 3 µ ), P (χ µ ) is flat distribution without any structure in the whole region of β, which is necessary condition of the random angle variable. We show in Fig.5 (b) the probability distribution P (∆χ) of the correlation
which is the difference between two neighboring angle variables, at β=0, 1.0, 2.4, 3.0. In the strong-coupling limit β = 0, χ µ (s) is a completely random variable, and there is no correlation between neighboring χ µ . In the strong-coupling region as β ≤ 1.0, almost no correlation is observed between neighboring χ µ , which suggests the strong randomness of χ µ (s). As a remarkable feature, the correlation between neighboring χ µ seems weak even in the weak-coupling region as β ≥ 2.4, where the action factor e −βS QCD becomes dominant and remaining variables θ 3 µ (s) and θ µ (s) behave as continuous variables with small difference between their neighbors as ∆θ 3 µ ≃ 0 and ∆θ µ ≃ 0. Such a weak correlation of neighboring χ µ would be originated from the reduction of the accompanying factor sin θ µ (s) in the MA gauge. Moreover, in the weak-coupling region, the smallness of sin θ µ (s) makes c µ (s) more irrelevant in the MA gauge, which permits some approximation on χ µ (s). Thus, the random-variable approximation for χ µ (s) would provide a good approximation in the whole region of β in the MA gauge. To conclude, the origin of abelian dominance for confinement in the MA gauge is stemming from the strong randomness of the off-diagonal angle variable χ µ (s) and the strong reduction of the off-diagonal amplitude | sin θ µ (s)| as the result of the MA gauge fixing.
VI. SUMMARY AND CONCLUDING REMARKS
In the 't Hooft abelian gauge, QCD is reduced into an abelian gauge theory, and the color-magnetic monopole appears as the topological object in the constrained nonabelian gauge manifold corresponding to the nontrivial homotopy group Π 2 (SU(N c )/U(1)
. Hence, if off-diagonal gluons can be neglected and the monopole is condensed, the QCD vacuum in the abelian gauge is described as the abelian dual superconductor and the confinement mechanism is understood as the dual Meissner effect.
In relation with the dual Higgs picture for the confinement mechanism in QCD, we have studied the mathematical features of the abelian gauge fixing, the local gluon properties in the maximally abelian (MA) gauge, and the origin of abelian dominance for confinement in a semi-analytical manner with the help of the lattice QCD.
First, we have studied the residual symmetry in the abelian gauge, with paying attention to the global Weyl symmetry, which can remain as the relic of SU(N c ). The global Weyl symmetry provides the ambiguity on the electric and magnetic charges, and persistently remains in the MA gauge. Considering the abelian gauge fixing in terms of the coset space of the fixed gauge symmetry, we have derived the criterion on the SU(N c )-gauge invariance of the operator in the abelian gauge: if the operator defined in the abelian gauge is invariant under the residual gauge transformation, it is also SU(N c )-gauge invariant.
Second, in the continuum SU(N c ) QCD, we have expressed the MA gauge fixing using the SU(N c )-covariant derivative operator. The local MA-gauge fixing condition and the composite Higgs field Φ[A µ (s)] to be diagonalized are naturally derived from this expression of the MA gauge.
Third, we have examined the abelian projection rate R Abel , the overlapping factor between SU(2) and abelian link variables, in the lattice formalism. In the MA gauge, we have found the high abelian projection rate as R Abel MA ≃ 1 for the whole region of β, which means microscopic abelian dominance on the link variable. Using the statistical consideration, we have analytically estimated the lower bound of the abelian projection rate in the MA gauge as R Abel MA ≥ 0.84, which seems consistent with the lattice result R Abel MA ≥ 0.88.
Finally, we have studied abelian dominance in terms of off-diagonal gluons in the Wilson loop in the MA gauge. In the SU(2) link variable, the off-diagonal angle variable is not constrained by the MA-gauge fixing condition at all, and tends to take random values besides the residual gauge degrees of freedom. By approximating the off-diagonal angle variable as a random variable, we have proved that the contribution of off-diagonal gluons to the Wilson loop, W off ≡ W SU(2) / W Abel MA , obeys the perimeter law in the MA gauge, which is numerically confirmed using the lattice QCD Monte Carlo simulation. Thus, we have showed exact abelian dominance for the string tension as σ SU(2) = σ Abel , although the finite size effect of the Wilson loop in the actual lattice QCD simulation leads to small deviation as σ SU(2) > σ Abel .
In conclusion, we have found that the origin of abelian dominance for confinement in the MA gauge is stemming from the strong randomness of the off-diagonal angle variable χ µ (s) and the strong reduction of the off-diagonal amplitude | sin θ µ (s)|, and these two remarkable features on the local variables χ µ (s) and θ µ (s) are peculiar to the MA gauge fixing.
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